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7.1  Introduction
    In an ideal gas, particles, either atoms or molecules, freely move inside a constant volume
container  without  each  other  interacting,  except  for  very  brief  collisions  in  which  they
exchange energy and momentum. By colliding  with the container’s  walls,  they exchange
energy with their thermal environment. 
As a consequence of the above random motion, the three macroscopic parameters of ideal
gases, namely pressure P, volume V, and absolute temperature T, are related by what is
known as the ideal gas law. Further assumptions are dimensionless particles and interaction
with  elastic  collisions,  not  subjected  to  other  attractive/repulsive  forces.  Under  such
assumption, the ideal gas law takes the form:
                                                       PV=nRT                                                      (7.1)

where n is the number of moles of the particles, in other terms, it is their real number in the
container divided by the Avogadro’s number. If the pressure P is measured in atm units, the
volume V in dm3 , and T in Kelvin, the universal gas constant R holds:

                                                     R=0.082atm LK−1mol−1                                      (7.2)

In other instances, the SI value for R is employed, namely 8.314 JK−1mol−1 .
As a consequence, the product PV is a constant value under constant temperature (Boyle’s
law), implying that, at a very high pressures, the gas volume would shrink to an extremely
small  size,  approaching  zero.  This  fact  cannot  occur,  because  the  molecules  themselves
occupy  a  finite  space  (called  covolume)  as  they  are  practically  incompressible.  Another
consideration is that intermolecular attractive forces exist between gas molecules. Because of
the  intermolecular  attractive  forces,  the  momentum exchanged  with  the  container  walls
during the collisions of the gas molecules must be smaller than that expected by an ideal
gas.  As  a  consequence,  the  measured  gas  pressure  must  drop  to  a  smaller  value.  In
summary, gases tend to behave ideally at high temperatures and low pressures, but they
tend  to  depart  from  the  ideal  gas  behavior  (real  gases)  at  low  temperatures  and  high
pressures.

A number of equations are available for describing the behavior of real gases in a wide range
of temperatures and pressures. Such equations are not as generic as the ideal gas equation,
since they must contain terms which are specific of each gas.
Usually, such equations are capable of correcting for the proper volume or covolume of
the molecules and intermolecular forces of attraction. Of the equations that chemists employ
for modeling the behavior of real gases, the van der Waals (1837-1923) equation  (4.3),only
requires two specific coefficients, a and b, whose values vary from molecule to molecule .
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                                        (P+ an2

V 2 )  · (V−nb)  = nRT                                        (7.3)

7.2  Distribution of molecular velocities in the case of oxygen
    Gas particles move randomly, continuously exchanging their kinetic energy during mutual

collisions. The particle absolute velocity v is related to kinetic energy by Ec=0.5mv2

The  probability  density  function  for  the  particle  speed  in  a  gas  follows  the  Maxwell-
Boltzmann probability density :

                                   f (v )dv  = 4π m2( m
2π RT

)
3 /2

 · exp(−mv2

2RT
)dv              (7.4)

where v is the absolute velocity in [m/s] , m is the mass in kg of 1 mole of substance
R = 8.314 JK-1mol-1 is usually given in SI units, and T [K] is the absolute temperature. 
A simple Octave script computes and graphically plots in Fig. 7.1, left, the above probability
density for oxygen, with molar mass m = 0.032 kg, at three different temperatures.
Different gases can be simulated by the script, by simply changing the oxygen molar mass,
indeed the script refers to the oxygen molecule, but relevant data can be modified by users.
The  script  sections  are  initialization,  user  data,  computation,  and  graphical  plot  of  the
results.

clear;clc;j = 1;
u = (0:20:2500); % range of velocities (m/s) to be explored.
R = 8.3145;    % R value in SI system.
M = 32;       % mass of 1.00 mol of oxygen (O2) in grams.
M = M/1000;   % mass of one mole must be in SI units (kg).
for Tc = (0:500:1000)      % Temperature in Â°C
  T = Tc + 273.15;         % Temperature in K
  a1 = 4*pi*(M/(2*pi*R*T))^1.5; % constant part of the equation
  u2 = u.^2;
  Y(':',j) = a1*u2.*exp(-M/(2*R*T)*u2); % variable part (from 'u' velocity)
  j = j + 1;
end
plot(u,Y(':',1),'b',u,Y(':',2),'r',u,Y(':',3),'g','LineWidth',2);grid on;
xlabel('velocity m/s');ylabel('probability')
title('Distribution of molecular speeds for O2 at 3 temp.')
legend('0 °C','500 °C','1000 °C')
format compact
disp('Total kinetic energy for 1 mole of oxygen (or whatever gas)')
for T = (0:200:1000)
  kinE = 1.5*R*(T+273.15);
  T1  =  ['Total  kinetic  energy  at  ',num2str(T),'  Â°C  =  ',num2str(round(kinE)),'
joule'];
  disp(T1);
end   
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Fig. 7.1 Distribution of molecular speeds for oxygen gas at 3 different temperatures

7.3  Van der Waals isotherm of real gases
    Van der Waals equation (7.3) can be rearranged into an expression of the type P = P(V)
as follows:

                                 P(V )  = 
nRT

V−nb
 - 

an2

V 2  where V >Vmin=nb                         (7.5)

The graph of P = P(V) described by the above equation, is known as the van der Waals
isotherm. The critical point of a gas is defined as the temperature limit above which the
examined gas cannot be liquefied for whatever pressure is applied. If the gas temperature is
lower than this critical point, the isotherm is nonmonotonic versus the volume V. In other
terms,  in a certain critical  volume interval  of  the curve,  the calculated pressure should
decrease  with  increasing  volume,  a  fact  clearly  inconsistent.  Therefore  van  der  Waals
isotherm should be adjusted in this critical region where local minimum and maximum take
place so as to become ideally constant. The physical meaning of this region (known as the
condensation region), between the extreme volumes V0, V2 to be found, is that both gas and
liquid phases coexist, since the gas phase progressively condenses to become liquid as far as
the volume decreases at constant pressure.

J.C.  Maxwell  (1831-79)  suggested to  better  define  this  region by  balancing the areas  of
negative and positive ‘energy’, below and above the rectified curve (condensation line), which
corresponds  to  a  constant  pressure  P-condensation.  The  adjustment  is  known  as  the
Maxwell construction  (see fig. 7.2 and enlarged fig. 7.3).
As a matter  of fact,  the real behaviour of the gas (in this case carbon dioxide,  CO2)  by
increasing volumed (and decreasing pressure) follows from left to right the red line, then the
green one in the condensation region, and finally the dark blue one. In the red, green and
dark blue region respectively, liquid, liquid and gas, and gas phase are present.
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The problem requires to express the above two negative and positive areas in term of the
current pressure P. To this end, the expression (7.5) is numerically evaluated and integrated
with the aim of finding the pressure of condensation (Pc), satisfying the equal area condition

(pink area =  orange area) of fig. 7.3

Fig 7.2 Van der Waals isotherm for cabon dioxide, T = -20°C, 1 mol

Fig 7.3 Commented enlargement of part of fig. 7.2
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Fig 7.4 Van der Waals isotherm for carbon dioxide, T = 20°C, 1 mol

Fig  7.5  Van  der  Waals  isotherm  for  carbon  dioxide,  T  =  40°C,  1  mol  (above  critical
temperature)

clear;clc;format compact %;format short
%-------------------------------------- function() ----------
function P = pressure(V,T,a,b)
    R = 0.082;    % R value in liter/atm.
    % Van der Waals equation in the form P = f(V) n(mol) = 1
    P = R*T./(V-b) - a./V.^2;  
end
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%-------------------------------------- function() ----------

% Some Van der Waals coefficients for common gases (from R.Petrucci et al.)
% a = 4.225; b = 0.0371; % ammonia (NH3)
% a = 1.37; b = 0.0387;  % nitrogen (N2)
 a = 3.658; b =0.0429;  % carbon dioxide (CO2)
Tc = 20; T = Tc + 273.15; % T = temperature in K   ,  Tc = temperature in °C
V = linspace(b+0.001,4+b,4000);
P = pressure(V,T,a,b);m1 = 0;n1 = 0;Plimit = 200;
for i = 2:3999
  if P(i)>Plimit ; a9 = i ;endif
  if P(i-1)>P(i) && P(i+1)>P(i);m1 = i;end           % Find minimum
  if P(i-1)<P(i) && P(i+1)<P(i);n1 = i;break;end     % Find maximum and exit from 
for..end cycle
endfor  
P = P(a9+1:end);V = V(a9+1:end);  % trimming out from the vector unwanted values 
figure(1,'position',[200 100 700 400]); % locate and resize the figure (1)

if (n1 - m1) < 3 % ----------> no condensation occurs
  plot (V,P,'b','LineWidth',2);grid on;axis([0 3 -20 100]);hold on;
  title(['Van der Waals isotherm for 1 mol CO_2 : T = ',num2str(Tc),' °C']);
  xlabel('Volume [Liter]'); ylabel('Pressure [atm]');

else  % ---------------------> yes, condensation occurs
  Pm = round(P(m1));Pn = round(P(n1));
  for Pc = Pm+1:0.5:Pn-1
    a1 = 0;a2 = 0; % cumulative counters for the two areas , pink and orange in fig.
    for i = 1:m1   
      if P(i)<Pc 
        a1 = a1 + Pc - P(i); 
        % summation of Pressure in first half of downward peak (pink)
        else a3 = i;  
      endif
    endfor  
    for i = m1+1:n1
      if P(i)<Pc ; a1 = a1 + Pc – P(i);endif
      % summation of Pressure second half of downward peak (pink)
      if P(i)>Pc ; a2 = a2 + P(i) – Pc;endif
      % summation of pressure first half of upward peak (orange)
    endfor  
    for i = n1+1:3000
      if P(i)>Pc 
        a2 = a2 + P(i) - Pc;a4 = i;
        % summation of Pressure second half of upward peak (orange)
        else;break;
        % once the summation is finished, exit from the for..endfor cycle
      endif
    endfor
      if a1>a2 ; break;endif 
      % once the two area a1 > a2 exits from for..endfor cycle
  endfor
  % in case for...endfor cycle has not ended in the above line, a new increased value 
is assigned to Pc 
  
  plot (V,P,'b');grid on;axis([0 3 -20 100]);hold on;
  P(a3:a4) = Pc;  
  plot (V(1:a3),P(1:a3),'r','LineWidth',2)
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  plot (V(a3:a4),P(a3:a4),'g','LineWidth',2)
  plot (V(a4:end),P(a4:end),'b','LineWidth',2);title('Van der Waals isotherm for 1 mol
CO_2 : T = -20°C');
  xlabel('Volume [Liter]'); ylabel('Pressure [atm]');
  legend('van der Waals not corrected','liquid phase','liquid + 
gas','gas','fontsize',14)
endif

7.4  Water vapor pressure
Water left in an open beaker evaporates completely. A different condition establishes if water
is  placed  in  a  closed  container.  If  both  liquid  and  vapor  are  present  in  the  container,
vaporization and condensation simultaneously occur. If a sufficient liquid volume is present,
the condition eventually is reached in which the amount of vapor remains constant. This is
an  example  of  dynamic  equilibrium:  the  two  opposing  processes,  evaporation  and
condensation, take place simultaneously and at equal rates. 

Even in the absence of chemical reactions, we can employ the NASA-CEA coefficients to
extrapolate the thermodynamic variables H (enthalpy) and S (entropy) of the solid, liquid,
and gaseous water, and then compute ΔG0 (variation of Gibbs energy in standard conditions)
of the following transformations:

H2O solid    H2O liquid    H2O gas

From the values of ΔG0, we can deduce the water vapor pressure as follows:

K eq  = 
p(H2O)gas
{ H 2Oliq}

 where  {H 2Oliq } = 1 ,  being  the  activity  of  pure  liquid  water,  and ΔG0

refers to a constant pressure equal to 1 atm, but to a variable temperature. Therefore the
equilibrium constant Keq can be renamed as KP since we are treating the equilibrium of a
gaseous substance. 

                                 K eq  = K p  = p(H2Ogas )  = exp(−ΔG0

RT
)                                   (7.6)

The Octave script automatically switches at 0°C from solid water (ice) to liquid water. 

%       THERMOCHEMICAL DATA FROM https://cearun.grc.nasa.gov/ThermoBuild/
%    H = R*(-a1/T + a2*log(T) + a3*T + a4*T^2/2 + a5*T^3/3 + a6*T^4/4 + a7*T^5/5 + a8)
%    S = R*(-a1/2/T^2 - a2/T + a3*log(T) + a4*T + a5*T^2/2 + a6*T^3/3 + a7*T^4/4 + a9)
clear;clc;
% solid H2O, valid 200 to 273.15 K
H2O_cr = [-4.026777480e+05,2.747887946e+03,5.738336630e+01,-8.267915240e-
01,4.413087980e-03,-1.054251164e-05,9.694495970e-09,-5.530314990e+04,-
1.902572063e+02];
% liquid H2O, valid 273.15 to 373.15 K
H2O_liq = [1.326371304e+09,-2.448295388e+07,1.879428776e+05,-
7.678995050e+02,1.761556813,-2.151167128e-03,1.092570813e-06,1.101760476e+08,-
9.779700970e+05];
% liquid H2O, valid 373.15 to 600
H2O_liq_high = [1.263631001e+09,-1.680380249e+07,9.278234790e+04,-
2.722373950e+02,4.479243760e-01,-3.919397430e-04,1.425743266e-07,8.113176880e+07,-
5.134418080e+05];
% gas H2O, valid 200 to 1000 K
H2O_gas = [-3.947960830e+04,5.755731020e+02,9.317826530e-01,7.222712860e-03,-
7.342557370e-06,4.955043490e-09,-1.336933246e-12,-3.303974310e+04,1.724205775e+01];
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R = 8.314472;
% The NASA coefficients are treated as vector, so they are summed according to 
stoichiometry of the reaction.
  Rx1 = H2O_gas - H2O_cr;% H2O(solid) <==> H2O(gas) 200 --> 273.15
  Rx2 = H2O_gas - H2O_liq;% H2O(liquid) <==> H2O(gas) 273.15 --> 373.15
  Rx3 = H2O_gas - H2O_liq_high;% H2O(solid) <==> H2O(gas) 373.15 --> 600
disp('   Temp. (°C)     p(H2O) atm.');
format short;format compact;
j=0;
% start of the heating cycle.
for T1 = (-40:1:200)
  j = j + 1;
  T = T1 + 273.15;a(j) = T1;
  TxH = [-1/T,log(T),T,T^2/2,T^3/3,T^4/4,T^5/5,1,0];
  TxS = [-1/T^2/2,-1/T,log(T),T,T^2/2,T^3/3,T^4/4,0,1];
  if T <= 273.15
     DeltaH = R*sum(TxH.*Rx1);DeltaS = R*sum(TxS.*Rx1);DeltaG = DeltaH - T*DeltaS;
     Kp = exp(-DeltaG/R/T);b(j) = Kp;disp([T1,Kp]);% Kp = p(H2O),atm
  end     
  if (273.15 < T &&  T <= 373.15)
     DeltaH = R*sum(TxH.*Rx2);DeltaS = R*sum(TxS.*Rx2);DeltaG = DeltaH - T*DeltaS;
     Kp = exp(-DeltaG/R/T);b(j) = Kp;disp([T1,Kp]);
  end     
  if 373.15 < T
     DeltaH = R*sum(TxH.*Rx3);DeltaS = R*sum(TxS.*Rx3);DeltaG = DeltaH - T*DeltaS;
     Kp = exp(-DeltaG/R/T);b(j) = Kp;disp([T1,Kp]);
  end      
end
plot(a,b,'b','LineWidth',2) ;grid on;
xlabel('temperature [°C]')
ylabel('water vapour pressure [atm]')
title('water vapour pressure of ice and liquid')
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Fig 7.6 Water vapor pressure from -50 to 200 °C

7.5  Water vapor pressure at different altitude and humidity

As a further application of the NASA-CEA coefficients , we compare the water vapor pressure
with the CO2 partial pressure at different altitudes in the Earth’s atmosphere. Since both
gases are infrared active as greenhouse gases, knowledge of the relative concentrations is of
utmost interest. The greenhouse effect is particularly active in the upper troposphere, where
the concentration of water vapor drops to very low values, due to decreasing temperature
and consequent condensation.
The atmosphere’s temperature profile, which assumes a constant temperature decrement, is
written as
T  = T 0  - Lh  = 15−0.00649 ·h  where h is the altitude above sea level [m]

By applying the ideal gas law in Eq. (7.1), one obtains P  = ρ RT /M ,where P is in atm units,
ρ, the atmosphere density, is given in [kg/m3], R = 8.314 J K-1mol-1 is expressed in SI units,
T is the absolute temperature, and M = 0.02896 is the average molecular mass of the air in
[kg/mol].
We assume hydrostatic pressure,  namely a pressure differential  equal to  δ P  = - ρ gδ h ,
where g = 9.806 m/s2 is the gravity acceleration at sea level. The pressure differential divided
by P provides the differential equation:

                                        
dP
P

 = 
−Mg
RT

·dh     ,    P0  = P (h=0)                                  (7.7)

Integration of Eq. (7.7) from sea level to altitude h and the previous assumption of a linear
temperature variation  T  = T 0−Lh  together with a constant air composition, provides the

pressure profile

                              P(T )  = P0(
T
T0

)
MG
RT  = ( T

288
)
5.256

  ,  T  = T [° C ]+273.15                    (7.8)

Fig. 7.7(a), plots the water vapor pressure versus the altitude in two colors: the blue color
refers to ice and the red color to liquid water. The ice melting point at about 2.2 km altitude,

corresponds to the liquidsolid equilibrium  for a 100% relative humidity (RH).
In Fig. 7.7(b), the concentrations [mol/m3] partial pressures of water and carbon dioxide (at
410 ppmv) are compared, by assuming a 50% relative humidity. From about 2.2 km altitude,
the  contribution of  CO2 is  prevalent,  and from 8.0  km altitude,  the  water  contribution
becomes very low and nearly negligible. The commented Octave script follows
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Fig. 7.7(a) Water vapor pressure from sea-level to 12 km (100% relative humidity) 

Fig.  7.7(b)  Comparison between molar concentrations [mol/m3]  of  water gas and carbon
dioxide from sea-level to 12 km (50% relative humidity) 

clear;clc;
% solid H2O, valid 200 to 273.15 K
H2O_cr = [-4.026777480e+05,2.747887946e+03,5.738336630e+01,-8.267915240e-
01,4.413087980e-03,-1.054251164e-05,9.694495970e-09,-5.530314990e+04,-
1.902572063e+02];
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% liquid H2O, valid 273.15 to 373.15 K
H2O_liq = [1.326371304e+09,-2.448295388e+07,1.879428776e+05,-
7.678995050e+02,1.761556813,-2.151167128e-03,1.092570813e-06,1.101760476e+08,-
9.779700970e+05];
% H2O gas, valid 200 to 600 K
H2O_gas = [-3.947960830e+04,5.755731020e+02,9.317826530e-01,7.222712860e-03,-
7.342557370e-06,4.955043490e-09,-1.336933246e-12,-3.303974310e+04,1.724205775e+01];

R = 8.314472;
% The NASA coefficients are treated as vector, so they are summed according to 
stoichiometry of the reaction.
  Rx1 = H2O_gas - H2O_cr;% H2O(solid) <==> H2O(gas) 200 --> 273.15
  Rx2 = H2O_gas - H2O_liq;% H2O(liquid) <==> H2O(gas) 273.15 --> 373.15
disp('   Temp. (Â°C)     p(H2O) atm.');
format short;format compact;
j = 0;
% start of the elevation in the atmosphere. h1 = altitude in meter.
for h1 = (0:100:11000)
    j = j + 1;
    T1 = 15.04 - 0.00649*h1;
    T = T1 + 273.15;
    P1 = (101.29*(T/288.08)^5.256)/101.325;
    TxH = [-1/T,log(T),T,T^2/2,T^3/3,T^4/4,T^5/5,1,0];
    TxS = [-1/T^2/2,-1/T,log(T),T,T^2/2,T^3/3,T^4/4,0,1];
  if T <= 273.15
     DeltaH = R*sum(TxH.*Rx1);DeltaS = R*sum(TxS.*Rx1);DeltaG = DeltaH - T*DeltaS;
     Kp = exp(-DeltaG/R/T);a(j) = h1;b(j) = Kp;
  else
     DeltaH = R*sum(TxH.*Rx2);DeltaS = R*sum(TxS.*Rx2);DeltaG = DeltaH - T*DeltaS;
     Kp = exp(-DeltaG/R/T);a(j) = h1;b(j) = Kp;j1 = j;
  end
  mol = Kp*1000/0.082/T*0.5;c(j) = mol;  % mol H2O per cubic meter with 50% relative 
humidity.
  mol1 = P1*410*1e-6*1000/0.082/T;c1(j) = mol1; % mol CO2 per cubic meter
  disp([T1,Kp,mol,mol1]);% Kp = p(H2O),atm
end
a1 = a(1:j1);b1 = b(1:j1);
a2 = a(j1:j);b2 = b(j1:j);
plot(a1,b1,'b',a2,b2,'r','LineWidth',2) ;grid on;hold on;
xlabel('altitude (meter)');ylabel('water vapour pressure')
title('water vapour pressure with altitude (100% RH)')
legend('liquid water','ice formation')
figure
plot(a,c,'b',a,c1,'r','LineWidth',2) ;grid on;hold on;
xlabel('altitude (meter)');ylabel('mol/m^3')
title('H2O(gas) / CO2 comparison @ 50% RH')
legend('H2O vap','CO2')

7.6  Compressibility of a real gas

The ideal gas equation PV=nRT (7.1)  tells us that the ratio Z  = 
PV
nRT

is equal to 1 for an

ideal gases, whereas, for real gases, the dimensionless compressibility factor Z may have
values which are significantly different from 1.
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The compressibility factor Z is usually plotted for real gases versus the pressure P under
isothermal conditions. Here, the pressure is given in the standard atmosphere unit [atm]
and consequently R = 0.082 atm L K-1mol-1 . At very high pressures, we have Z > 1. In fact,
because of the finite size of molecules, the product PV at high pressures is larger than that
predicted for ideal gases.
Intermolecular  forces  of  attraction  account  for  Z  <  1.  These  forces  become increasingly
important at low temperatures, where the molecular translational motion slows down.

The van der Waals (eq. 7.1) for real gases can be rearranged into a third-degree polynomial

                                         nRTV 2  = PV 3  - PnbV 2  - an2V  - abn3                                 (7.8)

which, solved by the Octave function ‘roots’, provides the value of the volume V for a given P
and finally the compressibility factor Z.
Fig.  7.8  shows  the  compressibility  profiles  (dimensionless)  versus  pressure  in  atm  for
nitrogen(N2) gas. Other gases can be inserted by providing the corresponding {a,b } values.

Fig. 7.8 Z (compressibility value) for nitrogen at -100, 0 ,and 100 °C respectively

clear all:close;clc;format compact;format short;
% Some Van der Waals coefficients for common gases (from R.Petrucci et al.)
% a = 4.225; b = 0.0371; % ammonia (NH3)
 a = 1.37; b = 0.0387;  % nitrogen (N2)
% a = 3.658; b =0.0429;  % carbon dioxide (CO2)
for Tc = (-100:100:100)        ; % Temperature in °C.
  T = Tc + 273.15; % Temperature in K.
  R = 0.082;j=0;
for P = (1:10:401) % P values are assigned. 
    % P*V^3 - (R*T + b*P)*V^2 +a*V -a*b = 0 (1 mol) is solved in 'V'
    c = [P,-(R*T + b*P),a,-a*b];
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    S = roots(c)
    j=j+1;
    Comp(j) = P*S(1)/R/T;Pi(j) = P; % I have established that (2) and s(3) are 
complex!
end
switch Tc
    case -100
        plot(Pi,Comp,'b','Linewidth',2);grid on;hold on
    case 0
        plot(Pi,Comp,'r','Linewidth',2);
    case 100
        plot(Pi,Comp,'g','Linewidth',2);
end        
end
xlabel('pressure (atm)')
ylabel('compressibility = PV/(nRT)')
title('compressibility of nitrogen (N2) at different T');
legend('-100 °C','0 °C','100 °C','Location','northwest')
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